Our everyday experience teaches us that the structure of a medium strongly influences how light propagates through it. A disordered medium, e.g., appears transparent or opaque, depending on whether its structure features a mean free path that is larger or smaller than the medium thickness. While the microstructure of the medium uniquely determines the shape of all penetrating light paths, recent theoretical insights indicate that the mean length of these paths is entirely independent of any structural medium property and thus also invariant with respect to a change in the mean free path. Here, we report an experiment that demonstrates this surprising property explicitly. Using colloidal solutions with varying concentration and particle size, we establish an invariance of the mean path length spanning nearly two orders of magnitude in scattering strength, from almost transparent to very opaque media. This very general, fundamental and counterintuitive result can be extended to a wide range of systems, however ordered, correlated or disordered, and has important consequences for many fields, including light trapping and harvesting for solar cells and more generally in photonic structure design.
In stark contrast with this view, a recent theoretical study pointed out that a very fundamental property of wave transport is completely insensitive to the structure of the underlying medium [18] . Specifically, it was shown that under very general assumptions the mean path length associated with wave scattering through a medium only depends on the medium's boundary geometry, but not on its internal microstructure. To arrive at this result, an invariance property first found for random walks [19] was generalized to arbitrary wave scattering scenarios based on early insights from the pioneers of 20th century physics like Weyl, Wigner, Krein and Schwinger. As such, this invariance relation is completely general and holds for the movement of ants through a designated two-dimensional area just as well as for the propagation of light waves through a disordered material (see Fig. 1 ). In all cases the mean length s of trajectories that enter the medium at arbitrary positions and incident angles up to the point where they exit the medium is predicted to be independent of whether the medium is uniform, highly structured, disordered or anything in between. It is found to be
for a three-dimensional geometry of volume V and surface Σ [18] . Here, v E is the transport velocity, which for waves transport in resonant media takes into account the dwell time inside the particles (see Supplementary Information). For the paradigmatic case of a fully disordered medium the crossover between systems with different degrees of disorder can be conveniently described by the transport mean free path * , that corresponds to the length after which the propagation direction of an incoming wave or particle gets randomized. Applying the theoretical predictions to this case would mean that a change of * should leave the mean path length invariant. To experimentally demonstrate this surprising theoretical result, we investigate multiple scattering of light in a colloidal suspension of particles in water (see Fig. 2, 3) . By varying the concentration and size of the particles, we tune the mean free path by almost two orders of magnitude, covering the range of a nearly transparent to a very opaque system. We measure the mean length of light trajectories from temporal decorrelation of an optical speckle pattern in each one of these suspensions, and unambiguously observe this invariance. Quite remarkably, the distribution of path lengths gets modified significantly when changing the transport mean free path -only the mean value of the distribution stays unchanged.
FIG. 1.
Random walks are ubiquitous in nature, they describe the erratic motion of ants just as well as the propagation of waves in disordered scattering media. a, For random walks the mean length s of trajectories crossing a bounded region does not depend on the characteristic mean free path, , but only on the ratio between the surface A and the perimeter C, i.e., s = πA/C (in two dimensions). Here we represent two trajectories, corresponding to two different mean free path 1 
2.
For this fundamental result to hold the mean value . . . needs to include all surface positions for entering the medium and an isotropic distribution of incidence angles. b, Illustration of the variation in the path length distribution for the two mean free paths 1 and 2 illustrated in (a). When changing the mean free path, the path length distribution changes dramatically, but its mean values remains the same. c, The same physics also applies to light scattering through a disordered region -as illustrated here for light rays entering a circular region at a specific point with isotropic illumination.
Experiment. When shining light on a disordered medium the spatial inhomogeneity of the refractive index prohibit a straight-line propagation, forcing the wave instead to scatter in all available directions, see Fig. 1c . To measure the resulting optical path length distribution P (s), the most common method uses ultrashort pulses and time-resolved detection schemes [20, 21] . However, we do not require access to the full distribution P (s), but just to its mean value s = ∞ 0 P (s)sds. We therefore developed a novel technique derived from DWS (Diffusing Wave Spectroscopy) [22, 23] to directly measure the mean optical path length in dynamic scattering media with high sensitivity and dynamic range. In this approach we illuminate the sample with a monochromatic laser and measure the autocorrelation function
of the temporal fluctuations in the scattered light field E(t). We exploit the intimate connection between speckle fluctuations and the distribution of optical path lengths P (s), which is formalized as
, k is the wave vector inside the medium and D is the diffusion constant of the scattering particles. Quantitative information on the mean value can be immediately retrieved by considering the very early-time decorrelation. Indeed, the derivation of Eq. 2 evaluated at τ = 0 leads to an explicit expression for the mean optical path length
where λ 0 is the light wavelength in vacuum and n is the medium refractive index. Note that Eqs. (2) and (3) rely only on the so-called continuum approximation of the multiple scattering process [24] , which in practice requires a few scattering events to be valid [24] [25] [26] . Here, since even paths with very few scattering events can contribute to the mean path length, the accuracy of Eqs. (2) and (3) has been additionally verified for all experimental situations by using Monte Carlo simulations (see Supplementary Information).
The experiment is illustrated in Fig. 2a . The scattering solution is contained in a cylinder glass cell, which supports the liquid and defines its geometrical features. In this elongated geometry the V /Σ ratio simplifies into R/2, where R is the cylinder radius, and the expected mean path length from Eq.( 1) is s = 2R. Because of the index mismatch between the scattering medium, the glass cell, and the outer regions, Eq.( 1) cannot be directly applied because of multiple boundary reflections. We therefore developed a more refined model taking into account correct boundary conditions, which shows that the invariance property remains valid in the presence of interfaces. For the simple case of a single boundary it leads to s theo = v E t = (4V /Σ)(n 2 2 /n 2 1 ), where n 1 (n 2 ) is the refractive index of the outer (scattering) region respectively (see Supplementary Information). Here we are in the more complex situation of multiple boundaries (medium-glass-air), furthermore our technique only gives access to the light path inside the scattering region (not in the glass part). Nonetheless, Monte-Carlo simulations allow us to find the expected invariant mean path length s in for this experimental situation. Qualitatively, the presence of boundaries means that light exiting the scattering region has a probability to be reflected back to propagate again into the scattering medium, therefore s in is larger compared to the ideal case, where all trajectories hitting the boundaries leave the region. [18, 19] .
We illuminate the sample with a laser light sheet all along its diameter such that, as required to observe FIG. 2. Measurement of the mean optical path length in dynamic disordered media. a, Illustration of the experimental setup. Samples consist of water-dispersed polystyrene micro-beads contained in a cylindrical glass cell of internal diameter 2R = 8.54 mm. The cell is isotropically illuminated with a horizontal laser light sheet and the speckle pattern of the scattered light is collected with a multimode fiber placed far from the sample. The sample-fiber distance is set to have a field of view covering the complete vertical extension of the scattered light. Trajectories are schematically represented as long trajectories leaving the sample in transmission (s1) and short trajectories leaving the sample in reflection (s2). To measure the contribution to the mean path length from all trajectories the fiber rotates around the sample to sequentially collect light from all output positions and with all radial directions (from 0
• to 175 • ). At each angle the collected light is guided to an autocorrelator for the analysis of the temporal intensity fluctuations, from which the field autocorrelation is retrieved. b, Measured electric field autocorrelation at increasing angles (x-axis in log-scale). For clarity only some selected curves are shown (at 0, 40, 45, 55, 60, 65, 70, 75, 80, 85, 90, 95, 170, 175 degrees). The large variation of decorrelation times is caused by the strong dependence of the optical path length on the collection angle. Here, longer paths dominate at small angles (in transmission) and shorter paths at large angles (in reflection). For each angle, the value of the mean optical path length is extracted from the derivative at the origin of the autocorrelation curves, measured here as the slope of a linear fit at very early times (see inset). c, Angle-dependent mean optical path length (black square) and corresponding scattered light intensity (red circles) measured at steps of 5
• . Error bars give 95 % statistical confidence and are calculated by propagating the experimental errors that contribute, i.e. the error on the linear fit performed in b and errors on the measurements of * and D. Errors on intensities are of a few per cent and appear smaller than the markers. The global mean path length is obtained by averaging the black squares with the red circles as weighting factors.
the invariance, light enters with all possible angles with respect to the surface normal. To collect light from all surface locations, we use a multimode fiber (10 µm core) mounted sufficiently far away from the sample, and placed on a goniometric mechanical arm for angle-resolved measurements. The multimode fiber guides light to single photon counters, and a coincidence electronics allows us to measure the temporal autocorrelation. In Fig. 2b we show an example of measurements for a sample with * ≈ 500 µm for detection angles ranging from 0
• (forward direction) to 175
• (backward direction). For this rather opaque sample, 2R/ * ≈ 20, the characteristic decorrelation time of the autocorrelation function ranges from tens of µs in the forward direction to some ms in the backward direction. Since the decorrelation time decreases as the number of scattering events increases, our results provide evidence of the significant variation in the average number of scattering events between transmitted and reflected light. We adopt Eq. (3) to measure the mean optical path length at each angle and evaluate the derivative of the autocorrelation at the origin as the slope of a linear Error bars are not displayed given the log-scale, the typical uncertainty is shown in Fig. 2c . c, Angular distribution of scattered intensity for varying sample concentration. Markers refer to the same transport mean free path as in b. d, Measured mean optical path length as a function of the transport mean free path. Each point represents the mean path length measured over all output channels and is obtained as the average over the corresponding angular distribution (b) with the intensity (c) as a weighting function. The horizontal dashed gray line indicates the expected value calculated based on pure geometrical considerations, s = 2R, where R is the radius of the cylindrical surface of the samples. Because of the glass cell, the expected value is slightly modified and can be computed by Monte-Carlo simulations (see Supplementary Information) : sin is represented by a horizontal solid gray line and corresponds to the average path length restricted to the scattering region, including all boundary effects. Black diamonds represent measurements on polystyrene particles with a diameter of 350 nm and anisotropy factor g ≈ 0.8. Orange circles represent measurements on polystyrene particles with a diameter of 100 nm and anisotropy factor g ≈ 0.1. Both types of samples show remarkable agreement with the numerical prediction for the path length invariance. Error bars give 99% statistical confidence and are calculated by propagating the experimental errors that contribute, i.e. the error on the linear fit performed in Fig. 2b , errors on the measurements of * and D.
fit of the first measured points, as shown in the closeup of Fig. 2b . The multiplicative coefficient in Eq. (3) containing * and D is measured with an independent characterization of the sample (see Supplementary  Information) . The recorded angular mean path lengths are shown in Fig. 2c , together with the corresponding scattered light intensity, which quantifies the probability to have light exiting in this particular direction. These measurements show that long trajectories, which contribute to the overall mean with large values, are less probable than short trajectories, which in turn are more abundant, but contribute to the overall mean with small values. This feature illustrates the delicate balance between long and short trajectories that enables the mean value to be independent of the actual path length distribution and which is at the root of this invariance property.
Results. The most striking feature appears when considering the variation of both the angular mean path length and the corresponding intensity for different values of the transport mean free path * , shown in Fig. 3b and Fig. 3c . Starting from the most opaque sample, and decreasing the scattering strength (i.e., for increasing transport mean free path), both the path length curve as well as the associated intensity get more symmetrically distributed among all angles. Then, when the transport mean free path becomes comparable to the sample size, the symmetry of the angular mean path length curve becomes completely inverted as the sample becomes more transparent and longer path lengths are observed in reflection rather than in transmission. The symmetry of the intensity in turn is inverted in the opposite sense such as to completely compensate the redistribution of path lengths. In our analysis, we measure the overall mean path length over all trajec-tories, therefore these two distributions get convolved in a weighted angular average. This average is thus evaluated by multiplying the angle-dependent values of Fig. 3b with the intensities of Fig. 3c as weighting functions:
, where the index i indicates the angle of measurement. The striking result we obtain, which is the main result of the paper, is shown in Fig. 3d : The measured mean path length stays invariant over nearly two orders of magnitude of transport mean free path. This is in remarkable agreement with the numerical prediction taking into account the real geometry of the system (i.e. glass cell with two interfaces). We observe a small deviation for very weakly scattering sample, where we expect the invariance to hold, but where the model underlying our measurement starts to fail. Furthermore, the particles we used have a pronounced scattering anisotropy. To test this invariance property also on optically very different systems, we repeated the experiment using smaller colloidal particles with diameters of about 100 nm corresponding to almost isotropic scattering (see orange curve in Fig. 3d ). Also here the invariance is verified, confirming that neither the transport mean path nor the anisotropy affect this robust property.
Discussion and conclusions. In summary, we provide the first experimental demonstration of a novel and universal invariance property for wave scattering in disordered media. Since the path lengths in a medium are intimately connected with a variety of other crucial concepts, like the absorption [13, 16, 17] , the dwell time [27] and the frequency robustness of states in this medium [28, 29] , we expect the invariance property established here to set very rigid bounds on what can be achieved by modifying the underlying medium structure. Implications are particularly obvious for light harvesting, light deposition and imaging techniques [3, 6, 30] . We also emphasize that the path length invariance is neither restricted to light propagation nor to random walks, but applies basically to all wave scattering problems, ranging from matter waves on the smallest length scales to gravitational waves on the largest conceivable dimensions. As such our demonstration provides just a first glimpse onto the many different contexts in which this type of physics plays a role. 
AUTHOR CONTRIBUTIONS
R.S. and S.G. conceived the experiment. R.S. and U.N. carried out the experiment. R.S. and R.P. performed simulations. R.P., R.C. and S.R. devised the theoretical frame work and carried out the corresponding calculations. All authors discussed results and contributed to the writing of the paper. A schematic of the experimental setup is shown in Fig. 1a together with a picture of the table-top implementation in Fig. 1b 1 . Illumination is provided by a (CW) laser (COHERENT Sapphire) at λ = 532 nm, 50 mW, with vertical polarization. The generated narrow beam is horizontally stretched (on a plane parallel to the table) by means of a cylindrical lens (f = 1 m). The beam arrives on the sample strongly asymmetrically (light sheet), with an horizontal width of 8 mm and thickness less than 1 mm. Given the circular section of the sample such illumination provides a uniform and isotropic light injection on the horizontal plane, see closeup in Fig. 1b . Light is collected through a multimode optical fiber (diameter 10 µm, N A = 0.1, THORLABS), mounted on a computer controlled rotating arm to radially scan scattered light around the sample. The detection configuration is detailed in Fig. 1c . The fiber is placed far from the sample with a field-of-view that completely covers the diffuse halo on the sample surface. This guarantees collection from all light trajectories at a fixed angle. Given the wide range of sample turbidities, from completely opaque to almost transparent, the presence of ballistic light and of the stray light created by reflections is a crucial aspect to consider. In particular in diluted samples and at small angles, e.g. 0
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• , ballistic and stray light may completely cover the scattered signal. Moreover, even if field fluctuations are still observable, their interference with a ballistic (i.e. stationary) field alters the signal autocorrelation function [1] . To avoid collection of ballistic light, the fiber tip is placed above the beam propagation plane and then tilted to keep its field-of-view always matched with the sample diffuse halo. Collected light is guided through the fiber to the optical correlation part, see Fig. 1a . Lenses L2, L3 and L4 have focal lengths respectively of 50 mm, 25 mm and 25 mm. The beam splitter has a 50 : 50 ratio. Detectors are Single Photon Avalanche Diodes (SPAD) (MPD-Micro Photon Devices) working in the photon counting regime. We employ a double-detector configuration to measure the cross-correlation of the two identical signals instead of the single signal auto-correlation. This configuration allows avoiding after-pulsing artifacts typical of SPADs and obtaining sub-µs temporal resolution [2] , see Fig. 1d . Signals from the SPADs are sent to two independent channels of a TimeCorrelated Single Photon Counting (TCSPC) module (PicoQuant HydraHarp400) for measuring their cross-correlation on-the-fly. to be redefined and make the speckle decorrelate in time. In the deep multiple scattering regime the speckle fully decorrelates for particle displacements that are smaller than the wavelength.
CONNECTION BETWEEN THE FIELD AUTOCORRELATION AND OPTICAL PATH LENGTHS
Elastic scattering between (coherent) laser light and micro-particles in a colloidal solution creates the complex interference pattern known as speckle, see images in Fig. 2 . Bright and dark spots in the speckle represent, respectively, the constructive and destructive interference of several light fields that have traveled along different trajectories in the medium and have accumulated a different phase. When the scattering centers move, e.g. through thermal fluctuations, light trajectories are instantaneously redefined and the locations of the constructive and destructive interference spots change accordingly. The net result is a time-dependent speckle pattern, whose temporal features depends on the distribution of optical path length in the medium and on the particles' diffusion constant [3, 4] . More precisely, the temporal field autocorrelation in a speckle spot is the Laplace transform of the distribution of all optical path length that are interfering in the spot. This is the property expressed by Eq. (2) in the main text.
FIELD AUTOCORRELATION FROM TCSPC INTENSITY MEASUREMENTS
The TCSPC module measures the arrival time t i = t 0 , t 1 , t 2 , ..., t n of each photon over the entire measurement time. A histogram of this time-sequence provides a measurement I(t) of the speckle intensity fluctuation, where the time resolution is set by the binning interval ∆t. By definition, the intensity autocorrelation function is given by g I (τ ) = I(τ )I(0) / I(0) 2 , where τ is the lag time. However, our TCSPC module directly provides an on-the-fly calculation of g I (τ ) based on the hardware implementation of a multi-τ algorithm [5] , which allows us to span several decades on the temporal axis (from hundreds of ns to hundreds of ms). We retrieve the autocorrelation of the speckle field from the measured intensity autocorrelation via the Siegert relation [6, 7] 
where 0 ≤ β ≤ 1 is a geometric factor determined by the collection optics, which quantifies the number of speckle spots simultaneously collected by the fiber tip. Note that collecting multiple speckle spots does not vitiate the autocorrelation measurement, but it only reduces the optical signalto noise ratio [8] . As g E (0) = 1 by definition, the parameter β can be determined as β = g I (0) − 1 [1] . The obtained value is then used in Eq. (1) to retrieve the normalized field autocorrelation function.
In Fig. 3 we show essential steps to retrieve g E from the measured g I . To highlight the optimal performance of the setup, e.g. sensitivity and dynamic range, we show two limiting cases from our set of measurements, namely for the most strongly scattering ( * = 129 µm) and least strongly scattering ( * = 5367 µm) sample. In Fig. 3a and Fig. 3d the solid gray line corresponds to raw measurements of g I . These measurements are convoluted with a narrow rectangular function to smooth noise oscillations and obtain the solid colored curves. In Fig. 3b and Fig. 3e we report the angular dependence of the corresponding β values. For most strongly scattering samples, Fig. 3b , we observe that β increases with the angle, while this trend is inverted for the least strongly scattering sample, Fig. 3e . This can be understood by considering that the size of the single speckle spot on the fiber tip depends uniquely on the vertical extension of the diffuse halo, as the sample-fiber distance is fixed [9] . More precisely measurements show that the extension of the diffuse halo in our cylindrical geometry decreases with the angle for opaque samples (strong scattering) and increases with the angle for almost transparent samples (weak scattering). In Fig. 3c and Fig. 3f we show the retrieved field autocorrelation. Even if these measurements correspond to two limiting cases for our instrumentation, i.e. very fast decorrelation and very slow decorrelation, all field autocorrelations are well normalized, continuous at short lag times and correctly drop to zero at long times.
EARLY-TIME FIT OF THE FIELD AUTOCORRELATION
Early-time features of the field autocorrelation contain information on the mean length of collected light paths. As expressed by Eq. (3) in the main text, the mean path length is proportional to dg E /dτ at τ = 0. To measure this quantity we perform a linear fit on the early times of g E and take its slope as the derivative. Such a first-order approximation is very robust since, even in the multiple scattering regime, the autocorrelation is expected to decay quasi-exponentially at the beginning [3, 4, 7] . Moreover, by calculating the slope over a set of points -and not only over the first two or three points -we obtain a value that is minimally sensitive to noise fluctuations.
As the autocorrelation decay is heavily dependent on the scattering mean free path and on the detection angle, see Fig. 3 , typical early times may vary significantly. This feature makes it impossible to define a common time range for the linear fit. To find a general rule for the definition of early times we consider the absolute value of the field autocorrelation instead of the lag times. Indeed, we see that the time interval corresponding to the decay in which 1 ≤ g E ≤ 0.8 allows for very good linear fits regardless of the sample and the collection angle. In Fig. 4 we consider the sample with * =500 µm as an example. We report the measured slope as well as the relative error squared of the fit for several choices of the fitting interval. We fix the fitting upper bound at g E = 1 and vary the lower bound. For each value of the lower bound the relative error squared is calculated
where Y i is the theoretical value of the linear model, O i is the observed point and N is the number of points in the fitting interval.
In Fig. 4a we see that measured slopes are stable as long as the lower fitting bound is larger than 0.8, while they deviate from the initial value for lower bounds below 0.8. Evidently the autocorrelation decay starts to deviate from the linear behavior at this point. This is confirmed by the trend of the relative error squared in Fig. 4b , which is minimal for a lower bound above 0.8 while quickly grows for fits that includes points below g E = 0.8.
SAMPLES CHARACTERIZATION
Sample's solutions are prepared by controlled dilution of monodispersed aqueous polystyrene colloids (polybead R microspheres, Polysciences Inc.) with nominal particle size of 350 nm and 100 nm. A further characterization of particle's sizes has been performed through the measurement of the particles' diffusion constant. Particles' concentration in original undiluted solutions is respectively 2.6% and 2.7% w/v.
Transport mean free path
In multiple light scattering two important lengths characterize the transport process: one is the scattering mean free path s , which is the typical free propagation distance between two scattering events; the second is the transport mean free path * , which is the characteristic distance after which scattered light loses memory of its initial direction. In general * = s when the single scattering process is anisotropic and leaves spare directional correlations between incoming and outgoing light. We measure the transport mean free path * of all our samples on the basis of the so called similarity relation for light transport [10, 11] 
which connects the two lengths with the anisotropy factor g = cos θ , where θ is the scattering angle. Normally 0 ≤ g ≤ 1, when g = 1 we have completely forward scattering, when g = 0 we have completely isotropic scattering and * = s . We measure * for all samples and calculate g from Mie
Theory. Hence, we use Eq. (2) to obtain * .
Scattering mean free path. We measure the scattering mean free path s based on the fact that we have full control of the scatterers' concentration C. We perform accurate weight measurements of the initial colloidal solution and of the added deionized water. By knowing the concentration of the original solution, the particles' size, water and polystyrene density, we retrieve the number of colloidal particles N and the volume of the sample V . We obtain the concentration as C = N/V with an uncertainty of about 0.1 %. Within each samples set, from the most transparent to the most opaque, we define the concentration factor C f as the ratio between the scatterers' concentration of a sample and the scatterers' concentration of the most diluted (transparent) sample. In terms of C f the scattering mean free path s scales within the sample set as
with s being the scattering mean free path of the most diluted sample. By using Eq. (3) the Beer-Lambert law for the ballistic transmission I B writes as
where I 0 is the reference transmission and L is the thickness of the sample. We perform ballistic transmission measurements for each sample by placing the scattering solution in a calibrated slab cuvette ( Hellma-Analytics) of thickness L = 1 mm. The reference transmission I 0 is the ballistic light measured with the cuvette filled only with water (without scatterers). A picture of this samples is shown in Fig. 3a of the main text. The setup employed for measurements is illustrated in Fig. 5a . The laser is firstly aligned onto the power meter sensor without the sample. Multiple diaphragms are then placed along the beam line to filter out light with a different direction. The detector is positioned far away from the sample to determine large vertical displacements on its plane even for tiny deviations, which are then blocked by diaphragms. All the measured samples have an optical thickness always smaller than 2 in these cuvettes, assuring that the contribution of scattered light, which inevitably reaches the detector, is always negligible compared to the ballistic component [12] . By linearizing Eq. (4) as ln(I B /I 0 ) = −(L/ s )C f the parameter s is retrieved through a linear fit of the points and the scattering mean free paths s for all samples are obtained by using Eq. (3). In Fig. 5b and Fig. 5c we report data and fits of the characterization procedure for the two sample sets used in the experiment. Measured s are reported in Tab. II and in Tab. III. Errors on s are derived from the interval of 95% statistical confidence returned by the fit on the parameters.
Scattering anisotropy. The scattering diagram of dielectric spherical particles is completely described by Mie theory, once the particle radius and its refractive index are known [13] . We have calculated g = cos θ by using the refractive index of polystyrene n = 1.5983 at λ =532 nm and particles' radii are obtained by the measurement of the diffusion constant. The diffusion constant of monodispersed particles suspended in a liquid can be obtained by Dynamic Light Scattering (DLS) measurements when the particles' concentration is low enough to guarantee single light scattering [6] . In this condition the field autocorrelation of light scattered at an angle θ is expected to decay exponentially as
with the decay constant Γ = 1/τ 0 given by
where q 2 is the scattered wave vector squared and D is the particles' diffusion constant.
After having obtained sufficiently diluted solutions we performed DLS measurements for the two types of particles by using a calibrated commercial machine (CGS-3 ALV GmbH). Measurements are reported in Fig. 6a and Fig. 6c . We performed measurements at several angles, from 15
• to 90
• at steps of 5
• . When such large variation of angles is considered, residual multiply scattered light may contribute in some cases and leads to a deviation from the predicted exponential decay. This may be taken into account by fitting ln(g E ) with a second order polynomial and by extracting the decay constant from the first order coefficient [14] . Having measured the decay constant at each angle, we obtained the diffusion constant D (averaged over all angles) on the base of Eq. (6) by means of a linear fit. Data and fit are shown in Fig. 6b and Fig. 6b , while obtained D values are reported in Tab. I. We retrieved particles' radii by means of the Stokes-Einstein relation for the diffusion of spherical particles through a liquid
where k B is the Boltzmann's constant, T = 296.15 K (23 C When increasing the particles' concentration the diffusion constant D slightly reduces. However when the particles' volume fraction φ is kept low, the correction is normally calculated according to the relation
which is valid up to filling fraction of 3-4 % (see [7] and references therein), thereby covering the concentration range of all our samples, which have a maximum volume fraction of φ = 2.5%.
PATH LENGTH, AVERAGE TIME AND ENERGY VELOCITY
In Ref. [15] we have derived the expression of the average length s under the assumption of isotropic and uniform illumination (Eq. (1) of main text). This expression, valid in the limit k s (k being the wave vector and s the scattering mean-free path), generalizes the initial result by Blanco and Fournier [16] to resonant scattering. In this section, we show that this derivation can be performed without the need of the Radiative Transfer Equation (RTE). It is based only on the hypothesis of statistical isotropy of the specific intensity, that allows one to account for a different refractive index between the scattering medium and the external background.
The starting point is the definition of the average time based on the analogy with the dwell time for scattering by a single scatterer of volume V [17, Eq. (3.37)]
where σ s (ω) is the scattering cross section, W (r, ω) = U (r, ω)/U 0 (r, ω) is the normalized energy density and I 0 = cU 0 is the incident intensity. Considering the scattering medium as a "superscatterer" of volume V , this definition can be extended to express the averaged time spent by the wave inside the medium as
where φ out (ω) is the power scattered outside the medium (outgoing flux). Here φ out (ω) and U (r, ω) are ensemble averaged quantities. We now introduce in the wave formalism the specific intensity I(r, u, ω) as the Wigner transform of the field [18] . In this formalism, the energy velocity is introduced by the connection between the energy density and the specific intensity 2 :
where I int (r, u, ω) is the specific intensity inside the medium, and du means integration over the solid angle. The outgoing flux can be written as
where I ext is the specific intensity outside the medium, Σ is the external surface of the medium (a surface that is outside the medium but in contact with it), and n is the outward normal. Only u · n > 0 is involved in the integral. We now assume that the radiation field is statistically homogeneous and isotropic (i.e. independent on r and u) inside and outside the medium [19] . This occurs for example when the scattering medium is statistically homogeneous and isotropic, and immersed in an incoming radiation that is itself homogeneous and isotropic (blackbody radiation is an example of such a field). It is important to note that this assumption is an approximation when there is an index mismatch between the internal and the external medium especially because of angular redistribution of energy at the interface. However, this approximation is accurate when scattering occurs inside the medium. Under these hypotheses, the energy density and specific intensity in Eqs. (11)- (12) write
Inserting these two expressions in Eq. (10) leads to
For index-matched media (no internal reflection), the specific intensity is continuous and the last factor is unity, so that we recover the result in Eq. (1) of the main text. In the case of index mismatch, we need to evaluate the last factor.
With reference to Fig. 7 , let us consider two media 1 and 2, with refractive indices n 1 and n 2 and subject to isotropic radiation on both sides (only radiation incident from medium 1 is shown on the figure, but a symmetric radiation incident from medium 2 is assumed).
Denoting by I
(1) i the specific intensity incident from medium 1, I
(1) r the reflected specific intensity in medium 1 and I (2) t the transmitted specific intensity in medium 2, energy conservation at the interface reads I
(1)
r cos θ r du r + I
t cos θ t du t ,
and using Snell's law leads to Using symmetric notations for a specific intensity incident from medium 2, we obtain
Since the radiation on both sides of the interface is assumed to be isotropic, we also have
and I
which can be established, for example, by writing that the flux through a surface in each medium has to vanish. From Eqs. (16) (17) (18) (19) , it is easy to show that I
i,r,t = (n 
i,r,t . In other words, assuming isotropic radiation on both sides, the specific intensity in medium 2 is greater than the specific intensity in medium 1 by a factor n 
This result can also be recovered using a Density of Optical States formalism [20] .
MONTE CARLO SIMULATIONS
Monte Carlo simulations have been performed to evaluate
• the accuracy of the Diffusing Wave Spectroscopy method to measure the average path length;
• and the effect of the glass cell on the average path length (flatness and shift).
For that purpose, we have considered a geometry as close as possible to the experiment (see Fig. 8 ). The scattering parameters [i.e. scattering mean free path s and phase function p(u · u )] are computed using the Mie theory and are averaged over the polarization state. As in the experiment, the concentration of beads is tuned to vary the transport mean free path * .
The average path length is computed using two different methods: The first is the theoretical one where s is simply given by the average of all path lengths simulated by the Monte Carlo process. The second one mimics the experimental procedure based on g E (τ ). To be as close as possible to the experiment, we have to compute g E (τ ) with a formalism beyond the standard DWS, which is valid in the diffusive regime only. The starting point is a transport equation for the field autocorrelation function [21] [22] [23] , valid for all transport regimes from ballistic to diffusive:
where
This transport equation is very similar to the classical one used to describe the evolution of the steady-state specific intensity I(r, u). Thus the Monte Carlo scheme used to solve it numerically is exactly the same except that we have to multiply by g(k|u − u |τ ) at each scattering event. Denoting by Θ the scattering angle of a given scattering event, we have
where N is the number of Monte Carlo shots performed and n i the number of scattering events for and to the average path length inside the scattering region s in . The discrepancy between s in and s theo is due to the glass cell (role of the second interface of radius R ). The good agreement between s in and s DWS indicates that the use of the DWS method is relevant to measure the average path length inside the scattering region. As for s theo , we note also that s in is independent of the transport regime.
shot number i. Finally, applying Eq. (3) of the main text leads to
which is the formula used in the Monte Carlo simulation to have an estimate of the average path length as it is measured experimentally. In the diffusive limit, n i 1 such that cos Θ i,j ∼ g we have
where s in corresponds to the average path length inside the scattering region.
Numerical results are shown in Fig. 9 . Several predictions are compared in this figure:
• The theoretical path length s theo . In the case of the cylinder geometry considered here, 4V /Σ = 2R and n 2 2 /n 2 1 ∼ n 2 (the system being diluted, the effective refractive index is close to the refractive index of water n). This leads to
• The average path length computed from the field autocorrelation function s DWS .
• The average path length restricted to the scattering region s in .
